We study SU(2) Chern-Simons theories at level k coupled to a scalar on T 2 × R at large baryon number. We find a homogeneous but anisotropic ground state configuration for any values of k on the IR fixed-point of those models. This classical analysis is valid as long as we take the baryon number large. As a corollary, the result negates the naïve folklore that Chern-Simons-matter theories reduce to ungauged theories projected onto the singlet sector, on the torus spatial slice. This system is also an interesting example where persistent currents are present in the ground state, without possibly violating the Bloch's theorem. This paper will be one primitive step towards quantitative analysis of Chern-Simons-matter dualities using the large charge expansion.
Introduction
It is a generic feature of quantum field theory with a symmetry to simplify at large global charge. In the large charge sector, asymptotic expansions of the effective Lagrangian are often possible, enabling us to compute the operator dimensions and OPE coefficients to any given order, using a small number of undetermined coefficients in front of terms allowed by symmetries of the system [1] [2] [3] . The large charge expansion, as we name these phenomena in general, is parallel to the large-spin expansion of the light-cone bootstrap [4] [5] [6] [7] , and should be understood in the larger context of the large-quantum-number expansion. One difference though is that the effective Lagrangian obtained in this method is useful in the regime of large charges and hence dimensions, which compliment the regime of O(1) charges and dimensions [8] [9] [10] [11] [12] the linear programming (of conformal bootstrap) has access to [13] [14] [15] .
In [1] [2] [3] , the lowest dimensions of operators at large charge were computed by writing down the effective Lagrangian in the inverse charge expansion on a spherical spatial slice S D−1 , and then using the state-operator correspondence. The reason why such a procedure works is because the effective Lagrangian has its UV scale at Λ UV ≡ ρ 1 D−1 and IR at Λ IR ≡ 1/R geometry if we consider a system with large global charge J and charge density ρ: The large hierarchy of scales, Λ IR /Λ UV ∝ J − 1 D−1 , suppresses both quantum effects and higher-derivative terms and renders the theory semi-classical and weakly-coupled. 1 The result for the lowest operator dimension was later verified numerically in [19] [20] [21] . 2 One important assumption, which can sometimes be proven on a case-by-case basis, is actually made in the last paragraph, that the ground state of such a Lagrangian is homogeneous, or at the very least inhomogeneous at the IR scale. This is because if the ground state configuration computed from the effective Lagrangian is inhomogeneous at the UV scale, Λ UV ≡ ρ 1 D−1 , one should not have used the effective Lagrangian in the first place, which turns out to be inconsistent then. Inhomogeneous ground states were first shown to exist in [2] , where examples were explicitly constructed in [23, 24] for the O(4) Wilson-Fisher fixed-point, proving the inhomogeneity to be at the IR scale for this model. No examples of relativistic CFTs with a UV inhomogeneous ground state at large charge is known up until now. For a list of rough classifications (IR-inhomogeneity, UV-inhomogeneity, etc.) of phases of matter realised in the large charge limit, see [24] . Consult [1, 2, [23] [24] [25] [26] and [27] [28] [29] for known phases actually realised in various relativistic and non-relativistic systems at large charges, respectively.
The purpose of this paper is to study further these interesting phases of matter at large baryon number density, ρ B . The model we consider here is the threedimensional SU(2) Chern-Simons theory at level k, coupled to a single boson with a 1 When the original theory has a moduli space of vacua, the situation is a bit different, in which Λ UV ∝ √ J/R geometry . This is because the spectrum of such a theory is infinitely degenerate in the flat space limit [16] [17] [18] . 2 For AdS interpretation of such a result see [22] . sextic potential with a coupling constant h 2 . 3 Solving for the classical ground state configuration of the model will be the first step towards the effective action description of Chern-Simons-matter theories at large charge. This paper is indeed the first one to show that a fully-controlled analysis of Chern-Simons-matter theories is possible at large global charge. 4 It should stressed that because we take the charge to be the largest in the system (possibly aside from k), our semi-classical analysis is under full control in the inverse charge expansion.
Large charge as it is, this method has interesting applications for understanding the nature of Chern-Simons matter theories themselves. For example, as we show in the main body of the paper, the ground state configuration of this theory is homogeneous for any values of k. What is interesting about this result is that it contradicts the conventional wisdom that Chern-Simon-matter theories reduce to ungauged models projected onto the singlet sector at large k -The ungauged model of SU(2) Chern-Simons matter theory is just O(4) Wilson-Fisher model with two Cartans of the charge density matrix turned on by the same amount, i.e., ρ 1 = ρ 2 in the convention of [23, 24] , whose ground state configuration is known to be inhomogeneous. Note that the notion of the ground state configuration makes sense even when 1 ≪ J ≪ k, as I explain in the main body of the paper; the order of limits is not an issue here.
Because of Chern-Simons-matter dualities, the result can also be used to understand the symmetry breaking pattern and the ground state configuration of the fermionic duals at large monopole number. The analysis of systems including fermions have seldom been considered at large charge, 5 but this could become one step forward towards such an analysis, with an ultimate goal of understanding particlevortex dualities [33] [34] [35] in a fully controlled, quantitative fashion. After all, the study of dualities would be much easier if both sides of the dualities are weakly-coupled; this can be achieved using the large charge expansion, suppressing the coupling constants in both sides of the dualities.
The rest of the paper is organised as follows. In Section 2, I will compute the ground state configuration of the Chern-Simons-matter theory at large baryon number, and show that it is homogeneous but anisotropic. I will also argue that such a semi-classical analysis is valid as long as we take the baryon number large. In Section 3, I will use the result to understand the nature of the theory itself. Especially I will show that the standard folklore about large-k Chern-Simons-matter theories are inapplicable on the torus spatial slice. Finally in Section 4, I will conclude the paper with a summary and possible interesting future directions.
2 The ground state of Chern-Simons-matter theories at large charge
Chern-Simons-matter theories at large baryon number

Chern-Simons-matter theories and their IR fixed-points
The theory we are interested in here is the SU(2) Chern-Simons theory at level k coupled to a scalar field q in the fundamental representation, with a sextic potential. We put the theory on a spatial torus T 2 , where the action of the theory becomes the following,
We use the Lorentzian signature with mostly plus metric, g µν = (−, +, +). For later reference, we also define the gauge field strength as
It is believed that such a model has an infrared fixed-point (without dimensionful coupling constants, if we use the dimensional regularization, see [31] ), and the dual description, with correct anomalies, has been shown to exist [30] . The beta functions are also computed in [31] .
The classical equations of motion
We now would like to write down the equations of motion (EOMs) for this system. The equation of motion for φ is simply
We also have the Gauss law constraint, which is nothing but the equation of motion for the gauge fields, Taking the large baryon number density
By virtue of the Noether theorem, the baryon number density of this model is nothing but the RHS of (2.7) with T replaced by 1,
Therefore, the charge density of this model becomes
The spatial integral J B of this quantity is what we are going to take large in this paper.
There also are two global currents J 
where we have organized as
Ground state solution at large charge on the torus
Homogeneous ground state solution
We now look for the ground state solution to the above set of EOMs, on the torus. In this regime, it is most convenient to take the (helical) unitary gauge,
We now make an ansatz that the ground state configuration is homogeneous, and if we find such a solution, it will have the lowest energy. This assumption simplifies the EOMs a lot. 6 We first fix the baryon number density,
According to the homogeneous ansatz, the Gauss law constraint (2.7) while fixing the baryon number density can be solved as, up to spatial rotations,
(2.14)
Incorporating the EOM for the matter field (2.6) too, we get
from which the final expression for ω can be computed (but I will not, as it is too lengthy an expression). Note that the above expressions respects the symmetry of inverting k and x 2 at the same time.
The ground state configuration and its regime of validity
Let us restate here the final result for the ground state configuration at fixed baryon number density (coloured as it is the important final result):
(2.19)
Specifically at large k, they scale as
Importantly, this configuration is homogeneous but anisotropic, i.e., it breaks the rotational symmetry on the spatial slice R 2 . Gauge invariant description of this anisotropy can be given by computing the current J ± . This will be done in Section 3.2.
The ground state configuration is applicable whenever the baryon number J B , which is a spatial integration of the baryon number density ρ B ,
In order to see this, separate the fields into VEV and fluctuations, and write down the canonical commutation relations (the best way would be to go to the temporal gauge); we can then see that the size of the fluctuation is at most of order O(J 0 /k). This means that the fluctuation around this semi-classical configuration is subleading at large J B , irrespective of how large or small k is.
3 Consequence from the ground state configuration of Chern-Simons-matter theories at large charge
Behaviour at large-k and its relation to the O(4) WilsonFisher fixed-point
Standard folklore about the large-k limit of Chern-Simons-matter theories
Standard folklore has it that Chern-Simons-matter theories reduce to the ungauged models projected onto the singlet sector. While the statement is true on S 2 spatial slice because of Dirac quantisation, on the torus spatial slice, it has only been speculated that the statement holds true. In this section, I am going to argue against such a statement specifically on the torus spatial slice, by using the result we have obtained so far. The ungauged model for the SU(2) Chern-Simons theory coupled to one fundamental scalar is just the O(4) Wilson-Fisher fixed-point. The condition for the theory to be projected onto the singlet sector is that we have exited two Cartans of O(4) by the same amount, i.e., ρ 1 = ρ 2 in the notation of [23, 24] .
Comparing the ground state configuration at large baryon number
In [2] , the authors proved the non-existence of homogeneous ground state configuration for the O(2N) Wilson-Fisher fixed-point, unless only one of the many Cartans is exited. Indeed it was in the O(4) Wilson-Fisher conformal model that examples of inhomogeneous ground state configurations at large charge were explicitly computed [23, 24] . As a special case, we have no homogeneous ground state configuration for the O(4) Wilson-Fisher fixed-point at large baryon number on the singlet sector.
Meanwhile the main result of this paper is that we have a homogeneous ground state configuration at large baryon number for the SU(2) k Chern-Simons-matter theory coupled to a fundamental scalar. This result, which holds irrespective of the values of k (even in the regime where 1 ≪ J ≪ k), is not compatible with the above naïve folklore. We can therefore, conclude that the SU(2) k Chern-Simons theory coupled to a fundamental scalar does not become the O(4) Wilson-Fisher theory projected onto the singlet sector, on the torus spatial slice.
Comments about the no-go theorem
It is highly probable that such an inhomogeneous state, present in the O(4) WilsonFisher conformal theory, is still hiding in the large degeneracy of the Chern-Simonsmatter theory [36, 37] as a form of the excited state, with different holonomies for the gauge field turned on. Also note that the statement is quite possibly true on the spatial S 2 , because of Dirac quantization.
Global SU(2) currents for the ground state configuration at large baryon number
Gauge invariant description of the anisotropic ground state
The theory we have considered has an SU(2) global symmetry. The baryon number symmetry is one of the generators of this symmetry, the timelike component of the current generated by which we have taken large. The currents associated with the other two generators were already given in (2.11), which I repeat here,
where I additionally define J ± ≡ J 1 ± iJ 2 . These currents can be computed from the ground state configuration, (2.19) -(2.23),
where ω and v are given in (2.22) and in (2.23), respectively:
All other components vanish identically. Hence we can conclude that the ground state at large baryon number comes with persistent spatial currents. Therefore, the fact that they are non-vanishing is the gauge invariant criterion for the anisotropic ground state. If one further wants a Lorentz and global SU(2) invariant, (sufficient) criterion for the anisotropy, that would be
What is also interesting about the symmetry breaking patter of this system at large charge is that although both the spatial rotation and the global SU(2) symmetry is both spontaneously broken, a combination of both is not. The analysis of such a breaking pattern will not be further analysed here, but this is an important future work.
Comments about the Bloch's theorem
The celebrated (especially in condensed matter physics) Bloch's theorem or many generalisations thereof [38] [39] [40] [41] [42] [43] roughly states that persistent currents cannot be present in a ground state. Although this theorem seems as if it contradicts the result above, the author could not find any precise version of the Bloch's theorem which prohibits having persistent currents in this case.
The reason for the non-applicability might stem from the fact that the baryon number U(1) and the other generators of SU(2) do not commute. Since we are adding the chemical potential, the total Hamiltonian H + µJ B does not commute with J 1,2 , where J 1,2,B ≡ d 2 x ρ 1,2,B . This seems to invalidate the direct application of the proof to the system in question.
Conclusions and Outlook
We have computed the ground state configuration of SU(2) k Chern-Simons theory coupled to a fundamental scalar at large baryon number, on the spatial torus. We found a homogeneous but anisotropic ground state configuration, valid as long as we take the baryon number large. We also characterised such an anisotropy using the persistent global SU(2) current present in the ground state of the system at large baryon number.
Chern-Simons-matter theories with chemical potentials has not been much considered yet, but this paper proved it important -A large chemical potential for global charge densities renders the low-energy dynamics entirely semi-classical, even when the theory is strongly-coupled. This will be quite useful in quantitatively verifying various particle-vortex dualities conjectured in three dimensions. By directly accessing the strongly-coupling regime by semi-classical analysis presented in this paper, one should be able to compute physical quantities in both sides of the dualities, as an asymptotic expansion in terms of the global charge.
With this goal in mind, in future work we hope to study the following.
Generalisation to SU(N) Chern-Simons-matter theories
One might wonder if going to higher ranks wouldn't change anything, but that might be too hasty. Specifically, as there are no counterparts of the SU(2) global currents which were present in the SU(2) Chern-Simons-matter theory, one does not know how to characterise the anisotropy of the ground state gauge invariantly.
Effective field theory of Chern-Simons-matter theories at large charge Based on the ground state configuration I have presented in the main body of the text and by integrating out the massive degrees of freedom, one can obtain the effective action of the theory at large baryon number. This will be important in computing physical quantities, not just at leading order, but to higher orders in the inverse charge expansion. The computation should be of great use in analysing Chern-Simons dual theories on both sides and comparing physical quantities.
Symmetry breaking pattern at large charge
By introducing a chemical potential to the system, some of the global symmetries as well as the Lorentz symmetry are explicitly broken. It will be interesting to know exactly which of the symmetries are broken as well as to know which combinations are actually preserved. Considering various discrete as well as one-form symmetries could be useful too. As the breaking pattern must match in both sides of the dualities, this should give a non-trivial check (other than anomalies) of the particle-vortex like dualities.
Studying fermionic duals and verifying Chern-Simons-matter dualities
By repeating the same analysis for the fermionic duals of Chern-Simons-matter theories, one should be able to verify Chern-Simons-matter dualities quantitatively by writing down the effective actions for both sides as an asymptotic expansion in terms of global charge. Understanding systems with fermions at large charge could be difficult if the fermions form a fermi sea (one does not know how to renormalise it at finite volume), but once dualities are understood at large charge, one could hope to also understand such systems, by following similar steps.
